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Abstract

Fay, Pfeiffer, Cronin, Le, and Feuer (Statistics in Medicine 2003; 22; 1837-1848) de-

veloped a formula to calculate the age-conditional probability of developing a disease

for the first time (ACPDvD) for a hypothetical cohort. The novelty of the formula

of Fay et al (2003) is that one need not know the rates of first incidence of disease

per person-years alive and disease free, but may input the rates of first incidence per

person-years alive only. The latter rates are much easier to estimate. Other inputs into

the formula are the rates of death from the disease and rate of death from other causes

per person-years alive. Fay et al. (2003) used simple piecewise constant models for all

three rate functions which have constant rates within each age group. In this paper,

we detail a method for estimating rate functions which does not have jumps at the

beginning of age groupings, and need not be constant within age groupings. We call

this method the mid-age group joinpoint (MAJ) model for the rates. The drawback of

the MAJ model is that numerical integration must be used to estimate the resulting

ACPDvD. To increase computational speed, we offer a piecewise approximation to the

MAJ model, which we call the piecewise mid-age group joinpoint (PMAJ) model. The

PMAJ model for the rates input into the formula for ACPDvD described in Fay et

al. (2003) is the current method used in the freely available DevCan software made

available by the National Cancer Institute.

1 Introduction

Fay, Pfeiffer, Cronin, Le, and Feuer (2003) showed how to calculate the age-conditional

probabilities of developing a disease (ACPDvD) from registry data. Throughout this

paper we use “cancer” as our disease of interest, but the method applies to specific types
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of cancer as well as other diseases where information is collected by population based

surveillance methods. Fay et al. (2003) provided a formula (see equation 1 below)

to calculate ACPDvD after inputing the rate function by age of (1) first incidence

of cancer per person-years alive, (2) death from cancer per person-years alive, and

(3) death from other causes per person-years alive. Fay et al. (2003) used a simple

piecewise constant model for the three rate functions, which have constant rates within

each age group. Here we detail two more complicated models for the rates. The first

model is a segmented regression model or joinpoint model for the rates, where the rate

function is a series of linear functions that join at the mid-points of the age groups, and

the rate function is constant before the first mid-point and after the last “mid-point”

(because the last interval goes to infinity, the last “mid-point” is not really a mid-point

at all, see below). We will call this model the MAJ (mid-age group joinpoint) model

for the rates. In Figure 1 we show how both the piecewise constant model and the mid-

age group joinpoint model apply to all invasive cancer incidence from the Surveillance

Epidemiology and End Results (SEER) program of the U.S. National Cancer Institute

in 1998-2000. Figure 1 uses the SEER 12 registries which cover about 14 percent of the

U.S. population, covering 5 states (Connecticut, Hawaii, Iowa, New Mexico, Utah), 6

metropolitan areas (Atlanta, Detroit, Los Angeles, San Francisco-Oakland, San Jose-

Monterey, Seattle-Puget Sound) and the Alaska Native Registry (see Ries, et al. 2003).

Notice that the MAJ model gives a more smoothly changing and probably a better

modeled rate. The only place where the MAJ model may not perform better than the

piecewise constant model is at peaks or valleys, where there may be some bias. In

Figure 1 we see that the smoothness of the MAJ appears to produce more plausible

estimates for ages 0 through 85 and from ages 90 and above, and the only age group

with a noteworthy bias problem is 85 to 90. Thus, for almost all of the age range the
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Figure 1: SEER 12 All Invasive Cancer Incidence Rates,
 1998-2000, All Races, Both Sexes
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MAJ model is more plausible.

A problem with the mid-age group joinpoint model is that it requires numeric in-

tegration for its calculation. A faster method uses a series of piecewise constant values

to approximate the mid-age group joinpoint model. We call this the PMAJ (piecewise

mid-age group joinpoint) model. The PMAJ does not require numeric integration, so

it is much faster than the MAJ model. The PMAJ model is a piecewise constant model

that differs from the piecewise constant model of Fay et al (2003) in that the pieces are

smaller and the corresponding values of the rates are motivated by the MAJ model.
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Starting with version 5.0, the freely available DevCan software (DevCan, 2003) uses the

PMAJ method. (There was a small calculation error in versions 5.0 and 5.1 that will be

corrected by version 5.2). DevCan calculates ACPDvD or age conditional probability

of dying from a disease for U.S. cancer data or for user supplied data.

The outline of this paper is as follows. Section 2 gives the motivation for the MAJ

estimator of age-conditional probability of developing cancer. Appendix A shows how

to calculate the integral needed for Section 2. Section 3 describes the PMAJ model

and how it is used to estimate the age-conditional probability of developing cancer.

Section 4 gives an example of the estimator of ACPDvD using three different methods

for estimating the rates, the simple piecewise constant method proposed in Fay et al.

(2003), the MAJ method, and the PMAJ method. For completeness a second Appendix,

Appendix B, compares the PMAJ method with the method of Wun, et al. (1998), since

the latter method was the method used by previous versions of the DevCan software.

2 Mid-Age group Joinpoint Estimator

Fay, et al. (2003) assumed that the hazard rate for other cause (i.e., non-cancer)

mortality is the same for people with and without cancer. Fay et al. (2003) gave a

formula for the age-conditional probability of developing cancer between the ages of x

and y given alive and cancer-free just before age x as

A(x, y) =

∫ y
x λc(u)Sa(u−)du

So(x−) {1 −
∫ x
0 λc(u)Sd(u−)du} . (1)

See Table 1 for the notation taken from Fay, et al. (2003). The only change in notation

from Fay, et al. (2003) is that we use the subscript a to represent all causes of events

instead of a blank subscript. For example, we let S∗(u) = S∗
a(u). Other notation in

this paper is defined as it is introduced.
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Table 1: Notation
Random Variables and Parameters

T= age at death T ∗= age at first cancer or
death before cancer

J= type of death J∗ = type of event
(J = d)=death from cancer (J∗ = c)=first cancer
(J = o)=death from other causes (J∗ = o)=death before first cancer

λc(t)= rate at t for first cancer λ∗
c(t)= rate at t for first cancer

given alive given alive and cancer-free
λo(t)= rate at t for death before λ∗

o(t)= rate at t for death before
cancer given alive cancer given alive and cancer-free

λd(t)= rate at t for death from
cancer given alive

λa(t)= rate at t for death λ∗
a(t)= rate at t for first cancer

given alive or death before first cancer
given alive and cancer-free

Sj(t) = exp
{
−
∫ t
0 λj(u) du

}
S∗

j (t) = exp
{
−
∫ t
0 λ∗

j (u) du
}

for j = a, c, o, d for j = a, c, o
Observations

Within the age interval, [ai, ai+1), and within the calendar interval of interest we observe...

ci= number of first cancer incident n
(j)
i = estimate of person-years alive

cases associated with j = c, d, o
di= number of cancer deaths (DevCan uses the sum of mid-year
oi = number of other deaths populations during the calendar

interval of interest)
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In Fay et al (2003), the rates were estimated by a piecewise constant model. Here

we use a mid-age group joinpoint (MAJ) model, where we draw lines connecting the

midpoints of the intervals except the first and last interval. The first interval is constant

until the midpoint, and the last interval is constant after a nominal “midpoint”. This

nominal “midpoint” is half the length of the previous age interval from the beginning

of the last interval, and would be the midpoint if the last age interval was the same

length as the previous interval.

We introduce new notation for breaking up the ages. Fay, et al. (2003) used

0 = a0 < a1 < · · · < ak < ak+1 = ∞. Here we use a joinpoint model with joins at the

midpoints (and nominal midpoint),

a1

2
<

a1 + a2

2
< · · · <

ak−1 + ak

2
< ak +

ak − ak−1

2
.

Let

0 = t−1 < t0 =
a1

2
< t1 =

a1 + a2

2
< · · · < tk−1 =

ak−1 + ak

2
< tk = ak+

ak − ak−1

2
< tk+1 = ∞

(The indices start at −1 so that the index values for the rate estimators, λ̃ji, match up

with the count notation of Fay et al., 2003.) The MAJ estimator for the rate of event

j (for j = c, d, or o) at ti (for i = 0, 1, . . . , k) is

λ̃ji = λ̃j(ti) =
ji

n
(j)
i

, (2)

where ji is either ci, di, or oi as defined in Table 1. (Note that λ̃j(ti) = λ̂j(ai) = λ̂j(ti),

where λ̂j(·) is the piecewise constant function used by Fay et al. [2003]). We define

λ̃j,−1 = λ̃j0 and λ̃j,k+1 = λ̃jk. For j = a, MAJ estimator for the rate at ti is

λ̃ai = λ̃a(ti) =
oi

n
(o)
i

+
di

n
(d)
i

. (3)
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Then for t ∈ [ti, ti+1) for i = 1, . . . , k, we define λ̃j(t) as the point on the line defined

by connecting the points (ti, λ̃ji) and (ti+1, λ̃j,i+1). In other words,

λ̃j(t) = αji + βjit,

where

αji =
ti+1λ̃ji − tiλ̃j,i+1

ti+1 − ti

(4)

(5)

and

βji =

(
λ̃j,i+1 − λ̃j,i

ti+1 − ti

)
. (6)

Thus, αj,−1 = λ̃j0 and βj,−1 = 0, and similarly by taking limits as tk+1 → ∞ then

αj,k = λ̃j,k and βj,k = 0.

Now S̃j(u) for u ∈ [ti, ti+1) is

S̃j(u) = exp
(
−
∫ u

0
λ̃j(t)dt

)

= exp

(
−

i∑

`=0

∫ t`

t`−1

{αj,`−1 + βj,`−1t}dt −
∫ u

ti
{αj,i + βj,it} dt

)

Note that (for ` = 0, 1, . . . , k)

∫ t`

t`−1

{αj,`−1 + βj,`−1t} dt = (t` − t`−1)αj,`−1 + (t2` − t2`−1)
βj,`−1

2

= t`λ̃j,`−1 − t`−1λ̃j,` + (t` − t`−1)(t` + t`−1)
βj,`−1

2

= t`λ̃j,`−1 − t`−1λ̃j,` + (t` + t`−1)

(
λ̃j,` − λ̃j,`−1

2

)

= (t` − t`−1)

(
λ̃j,`−1 + λ̃j,`

2

)
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so that for i = 0, 1, . . . , k,

S̃j(ti) = exp

(
−

i∑

`=0

(t` − t`−1)

(
λ̃j,`−1 + λ̃j,`

2

))

Also notice that (when u < ∞)

∫ u

ti
{αj,i + βj,it} dt = (u − ti)αj,i + (u2 − t2i )

βj,i

2

Therefore when u ∈ [ti, ti+1),

S̃j(u) = exp

(
−

i∑

`=0

(t` − t`−1)

(
λ̃j,`−1 + λ̃j,`

2

)
− (u − ti)αj,i − (u2 − t2i )

βj,i

2

)

= S̃j(ti) exp

(
−
[
(u − ti)αj,i + (u2 − t2i )

βj,i

2

])

Let Ã(x, y) be the estimator of A(x, y) using the MAJ model. The two integrals we

need to estimate for Ã(x, y) are of the type,

F̃j,h(t) =
∫ t

0
λ̃j(u)S̃h(u−)du, (7)

where in the numerator of Ã(x, y) we need F̃c,a (i.e., j = c and h = a in equation 7),

and in the denominator of Ã(x, y) we need F̃c,d. Suppose, without loss of generality,

that t ∈ [ti, ti+1), then

F̃j,h(t) =
i−1∑

`=−1

∫ t`+1

t`
λ̃j(u)S̃h(u−)du +

∫ t

ti
λ̃j(u)S̃h(u−)du

=
i−1∑

`=−1

S̃h(t`)
∫ t`+1

t`
(αj` + βj`u) exp

(
−
[
(u − t`)αh` + (u2 − t2` )

βh`

2

])
du

+S̃h(ti)
∫ t

ti
(αji + βjiu) exp

(
−
[
(u − t`)αhi + (u2 − t2`)

βhi

2

])
du

=
i−1∑

`=−1

S̃h(t`)Rj,h(t`, t`+1) + S̃h(ti)Rj,h(ti, t)
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where Rj,h(t`, v) (for ` = −1, 0, 1, 2, . . . , i and v ≤ t`+1) is defined implicitly (see the

Appendix). Then,

Ã(x, y) =
F̃c,a(y)− F̃c,a(x)

S̃o(x)
{
1 − F̃c,d(x)

} .

3 Piecewise Mid-Age group Joinpoint Estimator

In the MAJ model we divided up the age line into k +2 intervals. Here we define those

intervals in both the ti notation and the ai notation.

I0 = [t−1, t0) =
[
0,

a1

2

)

I1 = [t0, t1) =
[
a1

2
,
a1 + a2

2

)

...
...

...

Ii = [ti−1, ti) =
[
ai−1 + ai

2
,
ai + ai+1

2

)

...
...

...

Ik = [tk−1, tk) =
[
ak−1 + ak

2
, ak +

ak − ak−1

2

)

Ik+1 = [tk,∞) =
[
ak +

ak − ak−1

2
,∞

)

In the MAJ model the rates for the first and the last intervals are represented by

lines with zero slope, and the rates for the ith interval (i = 1, . . . , k) for the jth rate

type (j = a, c, d, o) is a line defined by connecting the points (ti−1, λ̃j,i−1) and (ti, λ̃ji)

(see equations 2 and 3 for definition of λ̃ji). In the PMAJ model we divide the ith

interval into mi equal sized intervals, and use a piecewise constant estimate on each of

those mi intervals. One way to define mi is to chose mi so that each equal sized interval

is 1/2 year long. In other words, mi = 2(ti − ti−1). This is the definition of mi that we

use for the DevCan software (starting with version 5.0, see DevCan, 2003), but all the
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Figure 2: SEER 12 All Invasive Cancer Incidence Rates,
 1998-2000, All Races, Both Sexes
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following holds for arbitrary mi. In Figure 2 we show the PMAJ model with half-year

intervals and the piecewise constant model for the US all invasive cancer mortality rates

for ages 70 through 90 years.

Here are the details. Consider the hth (for h = 1, . . . ,mi) of the mi intervals within

interval i (for i = 1, . . . , k) for rate type j (for j = a, c, d, o). This interval is

[
ti−1 +

(h − 1)(ti − ti−1)

mi
, ti−1 +

h · (ti − ti−1)

mi

)
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For convenience we introduce new notation for the ends of this interval, let

ti−1,h = ti−1 +
h · (ti − ti−1)

mi

so that ti−1,0 = ti−1 and ti−1,mi = ti. At the beginning of this interval the value of the

rate is

λ̃j (ti−1,h−1) = αj,i−1 + βj,i−1

(
ti−1 +

(h − 1)(ti − ti−1)

mi

)

=
tiλ̃j,i−1 − ti−1λ̃ji

ti − ti−1
+

(λ̃ji − λ̃j,i−1)ti−1

ti − ti−1
+

(h − 1)(λ̃ji − λ̃j,i−1)

mi

= λ̃j,i−1 +
(h − 1)(λ̃ji − λ̃j,i−1)

mi

(see equations 4 and 6 for definitions of αj,i−1 and βj,i−1). Similarly at the end of this

interval the rate is

λ̃j (ti−1,h) = λ̃j,i−1 +
h(λ̃ji − λ̃j,i−1)

mi

For the PMAJ model we simply assume a constant rate equal to the average of the

beginning and the end values of the rate over this interval. In other words, under the

PMAJ model for any t ∈ [ti−1,h−1, ti−1,h) we estimate the rate with

λ̇j (t) = λ̃j,i−1 +
(2h − 1)(λ̃ji − λ̃j,i−1)

2mi

Since the PMAJ model is a piecewise model, we can use Appendix A of Fay et al.

(2003) to express the estimator of age conditional probability of developing cancer. The

only hard part is correctly defining the starting and ending of each piecewise interval.

The ends of these intervals are

0 ≡ t−1 < t0 < t0,1 < t0,2 < · · · < t0,m1−1 < t1 < t1,1 < · · · < tk−1,mk−1 < tk < tk+1 ≡ ∞

For convenience write these interval ends with only a single index as

0 ≡ τ0 < τ1 < τ2 < τ3 < · · · < τm1 < τm1+1 < τm1+2 < · · · < τM−1 < τM < τM+1 ≡ ∞
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where M =
∑k

i=0 mi, and m0 = 1. In other words, t−1 = τ0 and for i = 0, 1, . . . , k, then

ti = τg(i) and ti,h = τg(i)+h, where g(i) =
∑i

`=0 m`.

Now we can follow very similar notation to Appendix A of Fay et al. (2003). We

now repeat that Appendix with the modifications to notation required for the PMAJ

model. Let the estimator of A(x, y) under the PMAJ model be denoted Ȧ(x, y). Let

τi ≤ x < τi+1 and τj < y ≤ τj+1 for x < y, i ≤ j, and j ≤ M + 2. For convenience

we regroup the ages after inserting group delimiters at x and y. Let the new delimiters

be 0 = b0 ≤ b1 ≤ b2 ≤ · · · ≤ bM+3 = ∞ where b0 = τ0, . . . , bi = τi, bi+1 = x, bi+2 =

τi+1, . . . , bj+1 = τj, bj+2 = y, bj+3 = τj+1, . . . , bM+3 = τM+1 = ∞. We let

Ṡa(b`) = exp

{
−
∫ b`

0
λ̇a(u)du

}
= exp

{
−

`−1∑

u=0

λ̇a(bu) (bu+1 − bu)

}
,

and similarly Ṡd(b`) = exp
{
−
∫ b`
0 λ̇d(u)du

}
and Ṡo(b`) = exp

{
−
∫ b`
0 λ̇o(u)du

}
. In this

notation, the probability of developing cancer by age y given survival until age x is

A(x, y) = A(bi+1, bj+2), and under the PMAJ model we estimate it with

Ȧ(bi+1, bj+2) =

∑j+1
`=i+1

∫ b`+1

b`
λ̇c(b`)Ṡa(b`) exp

(
−
∫ u
b`

λ̇a(b`)dt
)
du

Ṡo(bi+1)
{
1 −∑i

`=0

∫ b`+1

b`
λ̇c(b`)Ṡd(b`) exp

(
−
∫ u
b`

λ̇d(b`)dt
)
du
}

=

∑j+1
`=i+1 λ̇c(b`)Ṡa(b`)

∫ b`+1

b`
exp

(
−(u− b`)λ̇a(b`)

)
du

Ṡo(bi+1)
{
1 −∑i

`=0 λ̇c(b`)Ṡd(b`)
∫ b`+1

b`
exp

(
−(u − b`)λ̇d(b`)

)
du
}.

Because λ̇a(b`) or λ̇d(b`) may equal zero and b`+1 may equal infinity, we let φ(λ, `) =

∫ b`+1

b`
exp (−(u− b`)λ) du. These integrals are

φ(λ, `) =





1−exp[−(b`+1−b`)λ]
λ

if λ > 0 and b`+1 6= ∞

b`+1 − b` if λ = 0 and b`+1 6= ∞

1
λ

if λ > 0 and b`+1 = ∞

∞ if λ = 0 and b`+1 = ∞
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where the case λ = 0 and b`+1 = ∞ is one of the “impossible” hypothetical cohorts (see

Section 3.1 of Fay et al. 2003). Thus, we obtain,

Ȧ(bi+1, bj+2) =

∑j+1
`=i+1 λ̇c(b`)Ṡa(b`)φ(λ̇a(b`), `)

Ṡo(bi+1)
{
1 −∑i

`=0 λ̇c(b`)Ṡd(b`)φ(λ̇d(b`), `)
} .

4 Examples and Discussion

In this section we explore several different methods for estimating the rate functions,

all using the formula of Fay et al. (2003) (e.g., all using equation 1). This comparison

explores the differences between the piecewise constant method proposed in Fay et al.

(2003), the PMAJ method, and the MAJ method. A different comparison emphasizing

differences between versions of the DevCan software is described in Appendix B.

For all of the examples we use data from 1998-2000 (see reference for SEER Dev-

Can database, 2003). The incidence data come from the Surveillance, Epidemiology,

and End Results (SEER) program of the (U.S.) National Cancer Institute, and mor-

tality data from the (U.S.) National Center for Health Statistics. We use the SEER

12 registries which cover about 14 percent of the U.S. population. We only use the

mortality data covering the same area as the SEER 12 registries cover. Because the

SEER 12 registries have complete coverage only back through 1992, we only look back

in the database until 1992 to delete any incident case that had previously been diag-

nosed with the cancer of interest. These incident cases are deleted so that they are not

counted when estimating the counts of first cancer incidence (the ci values). The mid-

year population estimates (the ni values) come from the sum U.S. Census estimates of

mid-year populations from 1998, 1999, and 2000 for the SEER 12 catchment areas for

the appropriate sex group (e.g., males for prostate cancer).

In Table 2 we show the results for all invasive cancers and acute lymphocytic
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